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ABSTRACT. In this paper we study the concept of almost asymptotically lacunary statistical
x? over probabilistic p— metric spaces and discuss some general topological properties of above

sequence spaces.
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1. INTRODUCTION

In this paper we study the concept of almost asymptotically lacunary statistical x? over
probabilistic p— metric spaces defined by Musielak. Since the study of convergence in PP-
spaces is fundamental to probabilistic functional analysis, we feel that the concept of almost
asymptotically lacunary statistical x? over probabilistic p-metric spaces defined by Musielak in
a PP-space would provide a more general framework for the subject.

Throughout w, x and A denote the classes of all, gai and analytic scalar valued single se-
quences, respectively.

We write w? for the set of all complex sequences (), where m,n € N, the set of positive
integers. Then, w? is a linear space under the coordinate wise addition and scalar multiplication.

Some initial works on double sequence spaces is found in [4]. Later it was investigated by
[3,7-10,12,13,20,22-29,31-43],

We procure the following sets of double sequences:

M, (t) = {(:pmn) cw?: SUPm neN |:L‘mn|tm" < oo} ,

Cp(t) = {(mmn) cw?:p— lim |2y, — 1" =1 forsomel € C} ,
o0

m,n—

m,n—

COP (t) = {(xmn) € w? :p— lim |l‘mn‘tmn = 1}

£a®) = { @) € 0 £ % fol <o),

m=1n=1

Cbp (t) = Cp (t) ﬂ M, (t) and C[)bp (t) = COp (t) ﬂ My (t)§
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where ¢t = (t,n) be the sequence of strictly positive reals t,,, for all m,n € N and p —
limp, n—oo denotes the limit in the Pringsheim’s sense. In the case t,,, = 1 for all m,n €
N; My (t),Cp(t),Cop (1), Lo (t),Chp (t) and Copp (t) reduce to the sets M.y, Cp, Cop, Lu,Crp and
Copp, respectively. Now, we may summarize the knowledge given in some document related to
the double sequence spaces. [6] have proved that M, (t) and C, (t),Csp (t) are complete para-
normed spaces of double sequences and obtained the a—, 53—, y— duals of the spaces M, (1)
and Cp, (t) . Quite recently, [44] has essentially studied both the theory of topological double
sequence spaces and the theory of summability of double sequences. ( [14]- [19]) and ( [31]- [42])
have independently introduced the statistical convergence and Cauchy for double sequences and
established the relation between statistical convergent and strongly Cesaro summable double se-
quences. [1] defined the spaces BS,BS (t) ,CSp,CSsp,CS, and BY of double sequences consisting
of all double series whose sequence of partial sums are in the spaces M., M, (t),Cp, Cpp, C, and
L., respectively, and also examined some properties of those sequence spaces and determined the
a— duals of the spaces BS, BV, CSy, and the § () — duals of the spaces CSy, and CS, of double
series. [2] introduced the Banach space £, of double sequences corresponding to the well-known
space ¢, of single sequences and examined some properties of the space £,. Recently [30] have
studied the space X?w (p, q,u) of double sequences and proved some inclusion relations.

The class of sequences which are strongly Cesaro summable with respect to a modulus
was introduced by Maddox [11] as an extension of the definition of strongly Cesaro summa-
ble sequences. [5] further extended this definition to a definition of strong A— summability
with respect to a modulus where A = (a, ) is a nonnegative regular matrix and established
some connections between strong A— summability, strong A— summability with respect to a
modulus, and A— statistical convergence. In [21] the four dimensional matrix transformation
(Az),, = § § a)y) Tmn was studied extensively by Robison and Hamilton.

m=1n=1

We need the following inequality in the sequel of the paper. For a,b > 0 and 0 < p < 1, we
have

(a+b)P <aP +bP (1)
oo
The double series > xy, is called convergent if and only if the double sequence (S,y) is
n=1
m,n o
convergent, where Sy, = Y xj(m,n € N).
ij=1

A sequence x = (z,) is said to be double analytic if supmy, ]wmn|1/ Mt~ 0. The vector

space of all double analytic sequences will be denoted by A%2. A sequence x = (Zy,y,) is called
double gai sequence if ((m + n)! [zpp|)/ ™"
be denoted by x2. Let ¢ = {all  finite sequences}.

Consider a double sequence x = (x;). The (m,n)"" section z[™" of the sequence is defined by

glmnl — > 245y, for all m,n € N; where ;5 denotes the double sequence whose only non
ij=0mn

— 0 as m,n — co. The double gai sequences will

zero term is a ﬁ in the (i,j)th place for each i,j € N.

An FK-space(or a metric space)X is said to have AK property if (Sy,y,) is a Schauder basis
for X. Or equivalently zl™" — z.

An FDK-space is a double sequence space endowed with a complete metrizable; locally convex
topology under which the coordinate mappings = (zx) — (zmn)(m,n € N) are also continuous.

Let M and ® be mutually complementary modulus functions. Then, we have

(i) For all u,y > 0, see [40]
uy < M (u) + @ (y), (2)
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(ii) For all u > 0,
un (u) = M (u) + @ ( (u)). (3)

(iii) For all w > 0, and 0 < A < 1,
M (M) < AM (u) . 4)

In [41] used the idea of Orlicz function to construct Orlicz sequence space

o
EM:{wa: ZM(%) <oo,forsomep>0},
k=1

The space £j; with the norm
o0
Hx||—inf{p>0: ZM(M) g1},
k=1 r

becomes a Banach space which is called an Orlicz sequence space. For M (t) =t (1 < p < 00),
the spaces £js coincide with the classical sequence space /.

A sequence f = (fpn) of modulus function is called a Musielak-modulus function. A sequence
g = (gmn) defined by

Gmn (V) = sup{|v|u — frn (w) :u >0}, mn=1,2,---
is called the complementary function of a Musielak-modulus function f. For a given Musielak
modulus function f, the Musielak-modulus sequence space t; is defined by

ty = {m cw?: If (|xmn‘)1/m+n

where Iy need not be convex modular defined by

( ) Z Z fmn(’xmnD (1/m)+n , L = (ﬂjmn) (S tf.

m=1n=1

We consider ¢y equipped with the Luxemburg metric

— 0asm,n — oo},

d o { < XX |2 |1/ ™)
(x,y) =supinf | > D fon (mn)> < 1}.
mn m=1n=1
The notion of difference sequence spaces (for single sequences) was introduced by [42] as follows
Z(A)={z = (xx) € w: (Axg) € Z},

for Z = ¢, cg and l,, where Az = xp, — x4 for all k£ € N.

Here ¢, ¢y and £, denote the classes of convergent, null and bounded scalar valued single se-
quences respectively. The difference sequence space bv, of the classical space ¢, is introduced
and studied in the cases 1 < p < oo and 0 < p < 1 [1]. The spaces c(A),co (A), s (A) and bv,
are Banach spaces normed by

1/p
2]l = 1] + supror [Aze] and ljall, = (zamﬂ (1<p<oo).

Later on the notion was further investigated by many others. We now introduce the following
difference double sequence spaces defined by

Z(A) = {x— (Tmn) € W2 : (AZmp) GZ}

2 .2
where Z = A » X and Ammn = (wmn _xmn—‘rl) - (xm-i-ln _xm+1n+1) = Tmn — Tmn+l —
Tm+1in + Tm+in+1 for all m,n € N. The generalized difference double notion has the fol-
lowing representation: A™z,, = A"tz — A"l — A e F AT e

and also this generalized difference double notion has the following binomial representation:

A" = 32 32 (1 (1) (7) mrines

=07
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2. DEFINITION AND PRELIMINARIES

Let n € N and X be a real vector space of dimension w, where n < w. A real valued function
dp(x1,...,2n) = |[(di(21,0),...,dn(zp,0))|, on X satisfying the following four conditions:
(1) [|(di(z1,0),...,dn(2n,0))||, = 0 if and and only if di(x1,0),...,dy(zn,0) are linearly depen-
dent,
(i) ||(di(z1,0),...,dp(xn,0))|l, is invariant under permutation,
(i) ||(adi(x1,0),...,dn(zn,0)|lp = |a| [[(di(21,0),...,dn(2n,0))|p, 0 € R
(iv) dp (21, 91), (22,92) -+ (T, Yn)) = (dx (1,22, 20)? + dy (Y1, y2, - yn)?) /7 forl < p <
oo; (or)
(v) d((z1,y1), (22, 92), - (Tn, Yn)) := sup {dx (w1, T2, Tn), dy (Y1, Y2, - Yn)} ,
for x1,x9, - xn € X, y1,Y2, - yn € Y is called the p—product metric of the Cartesian product
of n—metric spaces is the p—norm of the n-vector of the norms of the n—sub spaces.

A trivial example of p— product metric of n— metric space is the p— norm space is X = R
equipped with the following Euclidean metric in the product space is the p— norm:

[(d1(21,0),...,dn(70,0))|l g = sup (|det(dmn (Tmn,0))|) =
di1 (211,0) di2(212,0) ... dip(21p,0)
da1 (221,0)  dag (22,0) ... dap (21p,0)

sup

dnl (mnl, 0) dng (l‘ng, 0) dnn (CEnn, 0)
where x; = (zj1,- - i) € R" for each i = 1,2, - n.

If every Cauchy sequence in X converges to some L € X, then X is said to be complete with
respect to the p— metric. Any complete p— metric space is said to be p— Banach metric space.

Definition 2.1. Let A = (a%‘) denote a four dimensional summability method that maps

the complex double sequences x into the double sequence Ax where the k,{— th term of Ax is
(o.) oo

as follows: (Ax), = >, > ap*®mn such transformation is said to be non-negative if ajly* is

) m=1n=1
non-negative.

The notion of regularity for two dimensional matrixz transformations was presented by Sil-
verman and Toeplitz. Following Silverman and Toeplitz, Robison and Hamilton presented the
following four dimensional analog of reqularity for double sequences in which both added an adidi-
tional assumption of boundedness. This assumption was made since a double sequence which is
P— convergent is not necessarily bounded.

Let A and p be two sequence spaces and A = <agj§> be a four dimensional infinite matriz of

real numbers (a%) , where m,n,k,¢ € N. Then, we say A defines a matrix mapping from A
into u and we denoe it by writing A : X — p if for every sequence x = (Tymn) € A the sequence
Az = {(Az),,}, the A— transform of x, is in p.

By (A : ), we denote the class of all matrices A such that A : X — u. Thus A € (A: p) if
and only if the series converges for each k, ¢ € N. A sequence x is said to be A— summable to o
if Az converges to o which is called as the A— limit of x.

Lemma 2.1 (See [11]). Matriz A = (a}gf?) is regular if and only if the following three conditions

hold:
(1) There exists M > 0 such that for every k,¢ =1,2,--- the following inequality holds:
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> Z |aki"| < M;

m=1n=1

(2) klglm apt =0 for every k,{ =1,2,---
_>

(3) hm Z Z apyt =
—Om=1n=1
Let (gmn) be a sequence of positive numbers and

koot
Qe =Y > dmn(kLEN). (5)

m=0n=0
Then, the matriz R = (r{;")? of the Riesz mean is given by

Gmn 0 < mn < k.0
mnq: Qké Zfo—man_ ) 6
(k") { 0 if(m,n) > kL. ©)

The fibonacci numbers are the sequence of numbers fl;" (k,€,m,n € N) defined by the linear
recurrence equations foo = 1 and f11 = 1, fion = fm—1n—1 + fm—2n—2;m,n > 2. Fibonacci num-
bers have many interesting properties and applications in arts, sciences and architecture. Also,
some basic properties of Fibonacci numbers are the following.

E men—fm+2n+2—1mn>1

lf

Z Z fmn Jmnfmtint1;m,n > 1,
=1/=1

Z Z fy}m converges.

k=14=1 "%

In this paper, we define the fibonacci matriz F = (f7} which differs from existing Fi-

)mn 1

bonacci matriz by using Fibonacci numbers fiy and introduce some new sequence spaces x> and
A% Now, we define the Fibonacci matriz F = (f7 )mn 1s by

_ fee .
(fim) = f(k+z)<122+2>—1 fO<k<m;0</i<n
0 if (m,n) > ki

that is,

ceee

=== =
RN N S e )
AR © O
N O O O

It is obvious that the four dimensional infinite matriz F is triangular matriz. Also it follows
from lemma 2.2 that the method F is reqular.

Definition 2.2. A function f : RxR — Rot xR, T is called a distribution if it is non-decreasing

and left continuous with inficrxrf (t) = 0 and  sup  f(t) = 1. We will denote the set of
teER,T xRo
all distribution functions by D.

Definition 2.3. A triangular metric, briefly t-over probabilisitic p— metric spaces, is a binary
operation on [0,1] which continuous, commutative, associative, non-decreasing and has 1 as
neutral element, that is, it is the continous mapping * : [0,1] x [0,1] — [0,1] x [0,1] such that
a,b,c€[0,1] :
(1) ax1=1,
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(2)axb=bxa
(8) cxd>axbifc>a and d>Db,
(4) (axb)xc=ax(bxc).

Definition 2.4. A triple (X, P, %) is called a probabilistic p— metric space or shortly PP— space
if X is a real vector space, P is a mapping from X x X — D x D (for x € X, the distribution
function P (x) is denoted by P, and P, (t) is the value of P, att € R x R) and * is a t — p—
metric satisfying the following conditions:

(i) Py (|[(d1(21,0),...,dn(2n,0))|p) = 0 if and and only if P, (di(x1,0),...,dp(x,,0)) are lin-
early dependent,

(i) Py (t]|(di(z1,0),...,dn(2n,0))|lp) =1 is invariant under permutation,

(iii) Py (|[(adi(21,0), ..., dn(2n, 0))llp) = || Po ([[(di(21,0), . .., dn(2n, 0))]lp) , o € R\ {0}

(iv) Py (dp ((1,91), (22,92) -+ (Tn, Yn))) = Pu ((dx(m,xz, o wp)P) + Pr (dy (1, 92, - 'yn)p)l/p)
forl <p < oo; (or)

(v) P (d((z1,51), (22, 92), -+ (20, yn))) = sup { P ({dx (21,22, 2n)) , Po (dy (Y1, 92, - yn) 1)}
forxi, 20, xn € X,y1,Y2, - Yn € Y.

Definition 2.5. A triple (X, P,*) be a PP— space. Then a sequence © = (Tpy) is said to
convergent 0 € X with respect to the probabilistic p— metric P if, for every e >0 and 6 € (0,1),
there exists a positive integer mong such that P, —_5(e) > 1 — 0 whenever m,n > mong. It is

denoted by P — limx = 0 or Ty, 20 as m,n — oo.

Definition 2.6. A triple (X, P,*) be a PP— space. Then a sequence x = () is called a
Cauchy sequence with respect to the probabilistic p— metric P— if, for every e > 0 and 0 € (0, 1)
there exists a positive integer mong such that Py, . ... (€) > 1 —80 for all m,n > mong and
r,8$ > 1080

Definition 2.7. A triple (X, P,*) be a PP— space. Then a sequence © = (Tpy) is said to
analytic in X, if there is a u € R such that Py, (u) > 1— 0, where § € (0,1). We denote by
A%P the space of all analytic sequences in PP— space.

Definition 2.8. Two non-negative sequences x = (Tpmpn) and y = (Ymn) are asymptotically

equivalent 0 if
lim T _ 0

m,n ymn

and it is denoted by x = 0.

Definition 2.9. Let K be the subset of N, the set of natural numbers. Then the asymptotically
density of K, denoted by 0 (K) , is defined as
J(K) :l’igr?ﬁ {m,n <k, l:m,nec K},

where the vertical bars denote the cardinality of the enclosed set.

Definition 2.10. A number sequence x = (Tyy) is said to be statistically convergent to the
number 0 if for each ¢ > 0, the set K (¢) = {m <kn<l:(m+n)|zm, — 0" > e} has

asympototic density zero

lgenkie {m <kn<l:((m+n)|zm, —0)Y™" > e}) =0.
In this case we write St — limx = 0.

Definition 2.11. The two non-negative double sequences © = (Tyyn) and y = (Ymn) are said to
be asymptotically double equivalent of multiple L provided that for every e > 0,
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1’1€I£1k£ H(m,n):mg k,n </,

“’;Z—:fL‘zeH:O.

and simply asymptotically double statistical equivalent if L = 1. Furthermore, let Sé;m denote the
set of all sequences © = (Tmn) and y = (Ymn) Such that xisequivalenttoy.

Definition 2.12. Let 6,5 = {(m,,ns)} be a double lacunary sequence; the two double sequences
r = (Tmn) and y = (Ymn) are said to be asymptotically double lacunary statistical equivalent of
multiple L provided that for every e > 0,

{(m,n) €l

and simply asymptotically double lacunary statistical equivalent if L = 1.Furthermore, let S(,LT .
denote the set of all sequences © = (Tymp) and y = (Ymn) such that xisequivalenttoy.

: 1
lim 72

1] -0

Ymn

Definition 2.13. Let 6,5 = {(m,,ns)} be a double lacunary sequence; the two double sequences
T = (Tmn) and y = (Ymn) are said to be strong asymptotically double lacunary equivalent of
multiple L provided that

lim. 2~ 3

r,5
s (m,n)el, s

po 1] =0,
that is x is equivalent to y and it is denoted by Né—:'s and simply strong asymptotically double
lacunary equivalent if L = 1. In addition, let NOLTS denote the set of all sequences © = (Tymy) and
Y = (Ymn) Such that x is equivalent to y.

Definition 2.14. The double sequence 6.5 = {(m,,ns)} is called double lacunary sequence if
there exist two increasing of integers such that

Mo =0,hy =My —Myp_1 — 00 as T — 00 and e = 0, hg = ng — Ng_1 — 00 as s — 00.
Notations: my g = mymg, hy s = hyhs and 0,5 is determined by

I ={(m,n) :my_1 <m <mpandns_1 <n <ng},q = s

m — o _
T s = 7= and grs = @rs.

Definition 2.15. Let M be an Musielak modulus function. The two non-negative double se-
quences © = (Tmy) and y = (Ymn) are said to be strong M— asymptotically double equivalent of
multiple 0 provided that [XM,H (21,0),d (22,0),- - ,d(zn_1,0))| ] Fu(z)= lim %

k,£— o0
(5 5 [ (e (on o

m=1n=1

{WZE{ < " ((m 4 n)!

m=1n=1

Tmn __
)

o))" @0, d @20 d e, 0] ))] }: lim 57

k,l— o0

(@(@,0) d(a0) (. 0),) ) | =0}

Ymn

Tmn __

Ymn ’

_\ (1/m)+n
)

(k,£ €N), and
(A3 1@ (@1,0),d (@2,0), -+ d (@1, )|, | = F ()

b S (o) e o)) <]

= su
k}; [
_1\ (1/m)+n
L || Zmn __
(i =, 5 |7 (s (et [z =)™ .00 daa0) o 0)1,) ) < o0}

10 —~
(k,£ € N), it is denoted by [M] and simply M — asymptotically double.

Definition 2.16. Let M be an Musielak modulus function and 6rs = {(m.,ns)} be a double
lacunary sequence; the two double sequences & = () and y = (Ymn) are said to be strong M—
asymptotically double lacunary of multiple O
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|:XM7H( (mlv )7d(x270)7...’d(In7170))||p:| :F#(x)

= lim
7,8—00

1
hr,s

{ > X [M< i ((m+n)! %_(—)D(l/mwm

mely s n€ly s

mn ’

(d(21,0),d (25,0), - 7d(wn,170)\|p))} :0}.

= lim
r,8—00

1 r mn
{f<k+2><e+2>1mz 2 {M(“ (

€lr sn€ly s

1
hr,s

Tmn

1\ (1/m)+n
-9)

Ymn ’

‘(d(ml,o),d(m,o),... ,d(xn,l,o)up))} :o},

(k,£ € N), and

a2, I(d(21,0).d(22,0)..-- d(@n-1,0)l, | = Fy (@)

—Suph
8

1 7 mn
{f<k+2)(e+2>—1 2 2 {M<“ (

mely s n€lr s

Tmn __

Ymn

_\ (1/m)+n
)

i

‘(d(xl,O),d(mz,O),“' 7d(mn71,0)”p)):| < OO} :S:g)ﬁ

_N\ (1/m)+n
)

Imn __

Ymn ’

‘(d(mho) ,d($2,0) y 7d(x”*1’0)“p)>:| < OO} )
[’ i
(k.£ € N), provided that is denoted by N, ° and simply strong M— asymptotically double lacu-
nary.
Consider the metric space

[AQF II(d(x1,0),d(x2,0),--+ ,d(xp-1,0))] ] with the metric
d(x,y) :sup{]Tj(FT7 (x) = F,(y)) :m,n= 1,2,3,---}. (7)
kL
Consider the metric space
[0, (21,0, (25,0) -+, d (w1, 0)) ] with the metric
d(x,y) :sup{M(F#(x) —F,(y)) :m,n = 1,2,3,---}. (8)
ke

3. ALMOST ASYMPTOTICALLY LACUNARY CONVERGENCE OF PP— SPACES

The idea of statistical convergence was first introduced by Steinhaus in 1951 and then studied
by various authors. In this paper has studied the concept of statistical convergence in proba-
bilistic p— metric spaces.

Definition 3.1. A triple (X, P,*) be a PP— space. Then a sequence © = (Tpy) is said to
statistically convergent to 0 with respect to the probabilistic p— metric P— provided that for
every € > 0 and v € (0,1)

) ({m,n eN: P((m+n)!\xmn|)1/m+” () <1-— 7}) =0

or equivalently

IN

lim -1 Hm<k n
Y] ke —

In this case we write Stp — limx = 0.

£ B mpfappimn () S 1=} | =0

Definition 3.2. A triple (X, P,*) be a PP— space. The two non-negative sequences x = (Zpmy,)
and y = (Ymn) are said to be almost asymptotically statistical equivalent of multiple 0 in PP—
space X if for every e >0 and v € (0,1).
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) ({m,n eN: P<(m+n)! >1/m+n_(_) () <1-— 7}) =0

Tmmn
Ymn

or equivalently

li <kn</(:P mtn <1- = 0.
%crlp 77 {m <kn< ((ern)' I%LLDU + 5 (6) = 7}|

. ) S(PP)
In this case we write x = "y

Definition 3.3. A triple (X, P,*) be a PP— space and 6 = (m,ns) be a lacunary sequence.
The two non-negative sequences * = (Tmy) and y = (Ymn) are said to be a almost asymptotically
lacunary statistical equivalent of multiple 0 in PP— space X if for every e > 0 and vy € (0,1)

dg ({’I’I’L,TL € Ir,s : P((m+n)' le/mﬂLniﬁ (6) <1l- 7}) =0 (9)

Ymn
{m, n€lgs: P

or equivalently

)1/m+n76 (E) <1 _’7}| =0.

((ern)!

Tmn
Yymn

So(PP)

In this case we write Y.

Lemma 3.1. A triple (X, P,x) be a PP— space. Then for every ¢ > 0 and v € (0,1), the
following statements are equivalent:

. 1 .
(1) lgsnh—rs {m,n €ls: P<(m+n)!

Tmn
Yymn

)l/m”fﬁ () <1-— 7}| =0,

2) 6 ,nel.g: P min <1- =0,
( ) 0 ({m n , ((m+n)! f]ﬁ’)l/ + _3 (6) Y

3) 6, ,nel.s: P min <1- =1,
(3) dg <{m n : ((ern)! 222‘)1/ s (€) v
4)lim A |[{m,ne€l,: P min _(€) <1 — =1.
() rs Drs ((m—l—n)! zzZ‘)l/ + _0( ) 0

4. MAIN RESULTS

Theorem 4.1. A triple (X, P, %) be a PP— space. If two sequences © = (Tmn) andy = (Ymn) are
almost asympototically lacunary statistical equivalent of multiple 0 with respect to the probabilistic
p— metric P, then 0 is unique sequence.

SO(PP)
Proof. Assume that z "=  y. For a given A > 0 choose v € (0,1) such that (1 —~) > 1— A.

Then, for any € > 0, define the following set:

Tmn

K=mnel ,:P
((m—l—n)! .

)1/m+n_6 (6) <1- ’Y} .

Then, clearly

. KNO
lim =1
TS hers ’
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SO(PP)
so K is non-empty set,since x ‘= y, 09 (K) = 0 for all € > 0, which implies d¢pere (N — K) = 1.
If m,n € N— K, then we have
P =P mtn >(l—7v)>1-2A
5O = P00 > (1= 2

since A is arbitrary, we get Py (€) = 1.
This completes the proof. [l

Theorem 4.2. A triple (X, P, *) be a PP— space. For any lacunary sequence 0 = (m,ny) ,fs*; (PP) C
S (PP) if limsup grs < 0.
s

Proof. If limsup g,s < oco. then there exists a B > 0 such that ¢,s < B for all r,s > 1. Let
s

So(PP) 8
x = "yande>0. Now we have to prove S (PP). Set

mné€l.s: P
’ ((m—l—n)!

Then by definition, for given e > 0, there exists rgsp € N such that

rs Tmn
Ymn

>l/m+n_6 () >1— ’y} .

Ih(:ss < 55 for all r > rg and s > sg.

Let M = max{K;s:1<7r<rpl<s<sp} and let uv be any positive integer with m,_; <
u < m, and ns;_1 < v < ng. Then

u17; m))l/m+"_() () >1-— 7}
Ymn

<

{mgu,ngv:P

((m+n)!

1
—1 < <n,: i _ -1
e [{m < my,n <, P((m+n)! 2o [}/ g (e) > 1 7}‘ e (K + - Ko}
€ €
S T 7080+ aplrs < 7050 5
This completes the proof. O

Theorem 4.3. A triple (X, P,*) be a PP— space. For any lacunary sequence 8 = (myn),S (PP) C
Se (PP) if liminf gps > 1.
rSs

Proof. 1f liminf g5 > 1, then there exists a § > 0 such that ¢, > 1+ [ for sufficiently large rs,
rSs

which implies

R 2
Let x Azp then for every € > 0 and for sufficiently large r, s, we have
mrns { <mp,n < ng: P<(m+n)! %Dl/mM*@ () >1—~vp|>
. {m nels: P (22 )7 g () >1 —’Y} >
%hrs m,n € Ips: P<(m+n)! ;:"T’ZDUmM*G () >1—x ‘ )
@E(pp)

Therefore x Y.
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This completes the proof. O

Corollary 4.1. A triple (X, P,*%) be a PP— space. For any lacunary sequence 8 = (m,ny),
with 1 < liminf grs < limsup grs < oo, then S (PP) = Sy (PP).
rs rs

Proof. The result clearly follows from Theorem 4.2 and Theorem 4.3. O
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6. CONCLUSION

This paper contains generalized results for the concept of almost asymptotically lacunary
statistical x? over probabilistic p— metric spaces with some general topological properties. Re-
searchers can extend the results for more general cases.
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